In the papers (Shvidler, 1985 (Shvidler, , 1993 and Shvidler and Karasaki, 1999 , 2001 , 2005 , and 2008 we developed an approach for finding the exactly averaged equations of flow and transport in porous media. We studied for steady state flow with sources and also analyzed unsteady flow and nonreactive solute transport in unbounded domains with stochastically homogeneous conductivity random fields.
Introduction
The operator approach for analyzing some fields, and in particular the problems of flow in porous media, has been applied in certain studies (Finkelberg, 1964; Shermergor,1977; Shvidler, 1985 Shvidler, , 1993 Neuman and Orr,1993; Zhikov et al.,1994; Tartakovsky and Neuman, 1998; Indelman, 2002, etc) . As we proved in Shvidler and Karasaki (1999 , 2001 , 2005 , and 2008 ) the exact equation for flow-velocity in the case of a stochastically homogeneous unbounded field contains the convolution of a unique kernel-vector and the head-function, or the convolution reduced to a unique and appropriate symmetric tensor and the vector of head gradient. As in our previous publications here we used appropriate Green's functions. We studied steady flow, unsteady flow and transport of solute in unbounded space, as well as steady flow and transient flow in bounded space. For determination of the averaged flow velocity we use the operational relations between local random head and the global field of averaged head. For finding the averaged solute flux, we use the operational relations between random concentration of solute and the global field of averaged concentration of solute. In this way we find the exact averaged equations without directly solving the stochastic equations.
Steady Flow
We consider a steady flow with sources and sinks that are distributed in a porous, single-connected heterogeneous, bounded or unbounded d-dimensional domain W .The local condition of flow continuity and Darcy's law, the boundary condition are given by the following equations:
Here, x is a vector, ( ) u x is the reduced pressure or hydraulic head, ( ) v x is the Darcy's velocity vector, the random second rank conductivity tensor ( ) σ x is symmetric by subscript. The function ( ) f x is the given non-random density of flow sources and sinks, which is an integrable and compactly supported function or a distribution with bounded support.
Our target is to find the relationship between the mean fields ( ) ( ) ( ) ( )
Combining now Equations (2.1) and (2.2) we have the elliptic equation and boundary condition for the
Let ( ) u x -the random solution of (2.3) exist and be unique. For this solution we can write:
where the random operator
maps the random spaces of functions ( ) u x onto the nonrandom space of functions ( )
In accordance with the Green's formula we have the unique solution of system (2.3)
where the kernel ( ) , g x y is a random Green's function that satisfies the equations
Now we write the unique solution of Equations (2.3) and (2.4) in a symbolic form: So, averaging Equation (2.7) over the ensemble of ( ) σ x , we have for fields U u
Since averaging over the probability is related to summation, the scalar operator m exists and is nonsingular, the unique scalar operator Using the rule of operator multiplication, and bearing in mind that the double point operator n depends on the variable x and conversely, except for the case of homogenization limit, that the scalar field U in Equation (2.10) is independent of x , we have from equation ( )
The composition of the random operators -Ñ σ and n maps the space of the nonrandom functions U in the space of the random vectors v .
Averaging now Equations (2.12), we derive the mean nonrandom velocity vectors
The unique vectors, operators π and the Π , are nonlocal and they map the nonrandom scalar field U into the random vector fields v and nonrandom field V. From the condition
and Equations (2.12), (2.13) and (2.9) we have the relations:
Thus we have a closed system for the local averaged fields U and V : Equations (2.13) for the averaged scalar field U and Equations (2.12) for the averaged vector field V . Evidently all operators , , m L π are linear. They do not depend on the function f , but in general they are related to the domain W .
Now we analyze the partial case when 3 D
-domain W is unbounded and the random field ( ) σ x is stochastically homogeneous. As we emphasized in Shvidler and Karasaki (2008) the local operator l is self-adjoint and therefore, the random Green`s function is symmetric by arguments: ( ) ( )
as is the real and even mean Green's function ( )
Applying to (2.14) the generalized Fourier transformation, we have
and in the real x -space the averaged nonlocal equation for ( ) 
Thus, the random operator n from equation (2.10) is
That is the operator n depends on the variable x and operates in space of nonrandom function ( )
Applying now the random vector-operator
to both sides of Equation (2.10), we can find the random local velocity vector
or using the Equations (2.17) and (2.18)
σ x x y is random Greens velocity function that satisfied the equation
Averaging now Equations (2.20), (2.21) and set
Using the Fourier transformation for Equations (2.22) and bearing in mind (2.15) we have
Here the scalar ( ) G k and vector ( ) Γ k are transformed Greens mean and Greens mean velocity functions, respectively.
In the real space we have exact equation for mean flow velocity
Now we present vector ( ) 
But what if the orientation of the principal coordinate system is unknown a priori? In this case analyzing the asymptotic behavior of the vector
is a real constant tensor component of effective conductivity, which is symmetric by index. Therefore, we can find its real eigenvalues and orthogonal eigenvectors and after transformation to the new coordinates associated with them, we find for any k the diagonal tensor
As analyzed by (Shvidler and Karasaki, 2008) , in 3-dimensional unbounded stochastically homogeneous spaces it is possible to select only three types of so-called global symmetry: 1) isotropic, for which in any 
Thus as well as in the homogenization limit for the general case in k and x three dimensional space, only three types of global symmetry exist: isotropic, orthotropic and transversal isotropic.
Remark. It should be noted that all previous results are valid for any two and tree dimensional fields except the unbounded two-dimensional fields for which the Green functions differ at infinity. This case was analyzed earlier ( Shvidler M. and K. Karasaki, 2008) .
Non-steady Transient Flow
We consider a stochastic system of equations for pressure ( ) , u t x and flow-velocity vector ( )
Here a nonrandom const b = is coefficient of a volume deformation of a liquid -core system, ( ) q x and ( ) σ x are porosity and conductivity random the elliptic tensor, respectively. The non-random specified density of sources and sinks ( ) , f t x , is an integrable and compactly supported function. The pressure ( ) , u t x satisfies the initial condition ( ,0) 0
, and the boundary condition ( )
. Combining now Equations (3.1) we have for the displaced pressure ( )
Thus we have the initial-boundary problem for the ( ) 
The operator l maps the space of the Equation (3.2) random unique solutions ( ) By comparing Equations (3.7) and (3.6) we obtain the relationship between the spaces of random field ( ) , u t x and the nonrandom field U ( )
And the relationship between the random velocity vector ( ) ,t v x and nonrandom field U ( )
As above in Section 2, we are bearing in mind that except at the homogenization limit the local nonrandom function U in Equation (3.11) in contrast of operator n is independent of variable x.
Averaging as above Equations (3.11) we can find for the mean velocity vector ( ) ( )
Combining formulas (3.1) and (3.10) we have
It is evident that the nonrandom operator q * is a nonlocal functional. We will call it -the effective transient flow porosity.
Returning now to Equation (3.1) and averaging it, using in addition (3.12), (3.13) and (3.14) we have the functional equation for the mean function U , which satisfies the initial and boundary conditions ,
Clearly, Equations (3.15) generalize the similar conditions for steady-state flow as those noted in Section 2. 
It is straightforward to show that from equation (3.5) we have in Fourier-Laplace space: 
Now we continue our analysis, assuming that the fluctuations of porosity function are sufficiently small and porosity ( ) q x is a non-random constantq .
Applying now the generalized Fourier transform to averaged equation (3.15) and using transformed functions , G Γ we have the equation
Here ( ) 
Here symmetric by index tensor ( ) Averaging Equation (4.1) and using the formulas (4.8) and (4.9) we can write the equation and initial and boundary conditions for the mean concentration ( ) 
Summary and Conclusions
We have established the general form for the exactly averaged system of basic equations for steady flow, non-steady transient flow and solute transport with sources and sinks. We examined the validity of the averaged descriptions and the generalized law for some non-local models. The approach that developed in the present paper does not require assuming the existence of any small parameters, for example, small scales of heterogeneity or small perturbation of conductivity field. More specifically, the following points are pertinent:
1. We analyzed stochastic non-homogeneous systems and showed the possibility of averaged description for the general common case in a finite domain and arrived at the description of flow for bounded and homogeneous fields.
2. Found the relationship between the local field and the mean filed in the form of u nU = .
3. Analyzed various geometries of stochastically homogeneous systems in different scales using symmetry at micro and macro scales.
4. The analysis was extended to non-steady problems in finite and infinite time. The asymptotic behavior of non-steady flow in unbounded, stochastically homogeneous field was obtained.
5. We briefly discussed the average transport properties using the same approach.
